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A very classical topic is the study of the Weierstrass points of compact
 .  wRiemann surfaces i.e., of smooth projective curves . More recently see 8,
x.6, 7 there was a beginning of the study of Weierstrass pairs of points of a
Riemann surface C and of Weierstrass n-sets of C, i.e., points P g C,j
 41 F i F n, with P / P for i / j and such that P , . . . , P has an ``excep-i j 1 n
< <tional'' behaviour with respect to the canonical series K , i.e., with theC
 4notations of Definition 0.1 below, such that P , . . . , P has weight1 n
 .w P , . . . , P ) 0.1 n
To state our results we need to introduce the following notations and
definitions. Let N be the set of nonnegative integers. For all integers
a .  .  .a G b G 0, set [ a!r a y b !b! the binomial coefficient .b
DEFINITION 0.1. Let C be a smooth curve with genus g and fix P g C,i
1 F i F n, with P / P if i / j. Seti j
w P , . . . , P [ h1 C , O a P y max 0, g y a .   1 n C i i i 5 / / /
1FiFn 1FiFn
g q n1s h C , O a P y , C i i /  / / n q 11FiFn
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 .where the summation  is over all integers a G 0. Call w P , . . . , P thei 1 n
 4weight of P , . . . , P .1 n
THEOREM 0.2. Fix integers g, n with n G 2. Let C be a smooth genus g
complex projecti¨ e cur¨ e and P g C with P / P for i / j. Assume that onei i j
of the following conditions is satisfied.
 .i g G 5n and C is not a double co¨ering of a smooth cur¨ e of genus q
with 1 F q F n;
 .ii C is a double co¨ering of a cur¨ e with genus q with 1 F q F n and
g G 11n q 3. Then we ha¨e
k y 1n mw P , . . . , P F g y k ? 2 .  . 1 n  /  /m /m y 10FkFgy1 1FmFn
g q ny 1 . /n q 1
 .and we ha¨e the equality in 1 if and only if C is hyperelliptic and each P is ai
Weierstrass point of C.
Let X be a hyperelliptic genus g curve and Q g X, 1 F i F n, bei
Weierstrass points of X with Q / Q if i / j hence with n F 2 gi j
.  . q2 . We will see in Section 1 that w Q , . . . , Q s  g y1 n 0 F k F gy1
n m g q nk y 1.  . . .  .k  ? 2 y , i.e., that in this case we have an equal-1F mF n m n q 1m y 1
 .  .ity in 1 . More generally, in Section 1 we will compute w P , . . . , P for1 n
all choices of points P , 1 F i F n, on a hyperelliptic curve see Theoremi
.  .1.1 . We believe that the integer w P , . . . , P is a good measure of the1 n
 4 < <behaviour of P , . . . , P with respect to the canonical linear system K .1 n C
 .Of course, for n s 1, w P ) 0 if and only if P is a Weierstrass point and
 .w P is the classical weight of a Weierstrass point. For n s 2 we have
 .  .w P , P ) 0 if and only if P , P is a Weierstrass pair in the sense used1 2 1 2
w x  w x.implicity in 8 but not in the sense of 2, p. 365 .
DEFINITION 0.3. Let C be a smooth curve with genus g and fix P g C,i
1 F i F n, with P / P if i / j. Seti j
H P , . . . , P [ a , . . . , a g Nn : there is a meromorphic .  .1 n 1 n
function f on X with f s a P . ` j j 5
1FjFn
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 . n  .  .and G P , . . . , P [ N _ H P , . . . , P . H P , . . . , P is called the set of1 n 1 n 1 n
 .nongaps and G P , . . . , P is called the set of gaps. Thus1 n
G P , . . . , P s a , . . . , a g Nn : .  .1 n 1 n
a P has at least one base point . j j 5
1FjFn
Conjecture 0.4. For all integers g, n with n ) 0 and g ``very large with
respect to n,'' for every smooth genus g curve C and every P g C withi
n g m g q n .  . .  .P / P for i / j we have aG P , . . . , P F  ? 2 yi j 1 n 0 F mF n m m n
and equality holds if and only if C is a hyperelliptic curve and every P is ai
Weierstrass point. For instance ``very large with respect to n'' may be
``g G 2n.''
 w x.For n s 2 the conjecture is true see 8, Theorem 3.2 . See Section 1 for
 .the proof by a direct computation of Conjecture 0.4 in the case of a
  ..hyperelliptic curve. In Section 1 and in Section 4 see 4.4 we make
several computations on a hyperelliptic curve. Although the explicit values
 .  .obtained for w P , . . . , P , aG P , . . . , P and related characteristic1 n 1 n
numbers are very complicated, they are important to test the possible
conjectures on these characteristic numbers. Furthermore, these computa-
tions are used in the proof of Theorem 0.2 given in Section 2 and show
 4that when P , . . . , P are not Weierstrass points on a hyperelliptic curve1 n
 .the difference between the right hand side and the left hand side of 1 is
very large see Corollary 2.2 and Proposition 2.3 for two examples of this
.  .behavior . In Section 3 we give a lower bound for w P , . . . , P in terms of1 n
 4the minimal degree of a divisor supported by P , . . . , P and which gives a1 n
non-zero linear system. In Section 3 we give also some examples of
 .computations of w P , . . . , P on general k-gonal curves. In Section 4 we1 n
give a generalization of the weight using any line bundle instead of the
canonical line bundle. We work over an algebraically closed base field with
 .characteristic 0. All the definitions are meaningful and in our opinion
interesting in positive characteristic, but not all the results are true in
positive characteristic and the proofs of the main results use the character-
 .istic 0 assumption see Remarks 4.2 and 4.3 . However, every proof works
 .verbatim if the characteristic is at least 2 g y 1 see Remark 4.3 .
1. HYPERELLIPTIC CURVES
Let X be a hyperelliptic curve of genus g G 2 and let s : X ª X be the
hyperelliptic involution. Fix integers n, a, b, c with a G 0, b G 0, c G 0,
and n s a q 2b q c ) 0. Fix points P , 1 F i F n, on X with P / P ifi i j
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  . .i / j, P a Weierstrass point i.e., s P s P if and only if i F a,i i i
 .  .  4s P s P for 1 F k F b, and s P f P , . . . , P if a q 2b -aq2 ky1 aq2 k i 1 n
 .i F a q 2b q c s n. We will check see the proof of Theorem 1.1 that
 .w P , . . . , P depends only on the integers g, a, b, and c and we will write1 n
 .  .  .w g, a, b, c [ w P , . . . , P . To give the value of w g, a, b, c we intro-1 n
duce the following conventions. Let k , k , and k be nonnegative inte-1 2 3
a mk y 11 . .gers. If k s 0 or a s 0, set  ? 2 s 1. If k s 0 or1 1F mF a 2m m y 1
 .  .b s 0, set  2 z q 1 ??? 2 z q 1 s 1. If k s 0 or c s 0 wez q ? ? ? qz sk 1 b 31 b 2
k q c y 1 03 .  .have s 1 and s 1.c y 1 0
THEOREM 1.1. With the con¨entions just introduced, we ha¨e
w g , a, b , c .
[ w P , . . . , P .1 n
k y 11a ms g y k ? 2 .    /m  /  /m y 10FkFgy1 k qk qk sk 1FmFa1 2 3
k G0i
k q c y 13? 2 z q 1 ??? 2 z q 1 ? .  . 1 b /  / 5c y 1z q ??? qz sk1 b 2
g q ny . /n q 1
Proof. Note that if a G 0 we havei
h1 C , O a PC i i / /
1FiFn
s max 0, g y a q 1 r2 . j
1FjFa
 4q max a , a q a . aq2 ky1 aq2 k j / 5
1FkFb aq2 bq1FjFn
If k g N set
nM [ a a , . . . , a g N : a q 1 r2 .  .k 1 n j
1FjFa
 4q max a , a q a s k . 2 . aq2 ky1 aq2 k j 5
1FkFb aq2 bq1FjFn
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By counting we have
k y 11a mM s ? 2 k  /m  /  /m y 1k qk qk sk , k G0 1FmFa1 2 3 i
k q c y 13? 2 z q 1 ??? 2 z q 1 ? . .  . 1 b /  / 5c y 1z q ??? qz sk1 b 2
Hence
g q n1w g , a, b , c s h C , O a P y .  C i i /  / / n q 11FiFn
g q n 4s M ? max 0, g y k y . k  /n q 1kG0
g q ns M g y k y , . k  /n q 10FkFgy1
proving the theorem.
 . 2  . 3EXAMPLE 1.2. We have w g, 1, 0, 0 s g r2 y gr2, w g, 2, 0, 0 s g r2
2 a mk y 1 .  .  . . .y g r2, w g, a, 0, 0 s  g y k  ? 2 y0 F k F gy1 1F m F a m m y 1
g y a 2 g q 3 .  .  . .  ., and w g, 1, 1, 0 s g g q 1 g q g q 1 r6 y ,a y 1 4
 .  .Now we will compute aG P , . . . , P see Theorem 1.3 and find in the1 n
 .proof of Theorem 1.3 that the set G P , . . . , P depends only on g, a, b,1 n
and c. We will use the conventions used for the statement of Theorem 1.1
 .and the integer M , k G 0 defined by Eq. 2 .k
g q a q b .  .THEOREM 1.3. We ha¨e aG P , . . . , P s  M y .1 n 0 F k F g k a q b
 . n  .  .Proof. Fix a , . . . , a g N . Note that a , . . . , a g H P , . . . , P if1 n 1 n 1 n
and only if one of the following conditions is satisfied:
 .a  a P is special, a is even if 1 F j F a, a s a1F iF n i i j aq2 ky1 aq2 k
for 1 F k F b, and a s 0 for 1 F j F c.aq2 bqj
 .b a P is nonspecial and, for any index j with 1 F j F n, a ) 0,i i j
 . a P q a y 1 P is nonspecial.1F iF n i/ j i i j j
We obtain easily that the number of ordered sets of n nonnegative
g q a q b y 1 .  .  .integers a , . . . , a satisfying condition a is . On the other1 n a q b
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 .hand condition b is equivalent to the condition that
 4a q 1 r2 q max a , a q a s g .  j aq2 ky1 aq2 k j
1FjFa 1FkFb aq2 bq1FjFn
3 .
and at least one of the following conditions fails:
 .i a is even for every j with 1 F j F a;j
 .ii a s a for every k with 1 F k F b;aq2 ky1 aq2 k
 .iii a s 0 for every j with a q 2b q 1 F j F n.j
Hence
aG g , a, b , c .
s a a , . . . , a g Nn : the left hand side of eq. 3 is - g 4 .  .1 n
g q a q b y 1y  / /a q b
q a a , . . . , a g Nn : the left hand side of eq. 3 is g 4 .  .2 n
g q a q b y 1y  / /a q b y 1
s a a , . . . , a g Nn : the left hand side of eq. 3 is F g 4 .  .1 n
g q a q by , /a q b
proving the theorem.
EXAMPLE 1.4. We have
g g q aa maG g , 1, 0, 0 s g , aG g , a, 0, 0 s ? 2 y , .  .   /  /  /m m a
0FmFa
g q n2aG g , 0, 1, 0 s g q g , and aG g , 0, 0, c s y 1. .  .  /n
 .Now we make some comparisons between the values w g, a, b, c and
 .aG g, a, b, c for varying integers a, b, and c. We will take X and P ,i
 .1 F i F n, as before. If k is an integer with 0 F k F g, set S P , . . . , Pk 1 n
 . n 1  .. 4[ a , . . . , a g N : h C, O  a P s g y k . Note that1 n C 1F iF n i i
 .  .M P , . . . , P s aS P , . . . , P .k 1 n k 1 n
Take P g X with P / P for all i F n. We distinguish 3 cases.nq1 nq1 i
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 .Case 1 . P is a Weierstrass point of X. Nownq1
S P , . . . , P , P .k 1 n nq1
s a , . . . , a g Nnq1 : .D 1 nq1
0FmFk
a , . . . , a g S P , . . . , P , a q 1 r2 s m . .  .  . 41 n kym 1 n nq1
Hence if 1 F k F g we have
M P , . . . , P , P s M P , . . . , P q 2 M P , . . . , P , .  .  .k 1 n nq1 k 1 n m 1 n 5
0FmFky1
and
M P , . . . , P , P s 1. .0 1 n nq1
 . X  .Case 2 . Assume c G 1 and take P [ P s s P . If 0 F k F gnq1 nq1 n
we have
S P , . . . , P , PX .k 1 n nq1
s a , . . . , a g Nnq1 : . 1 nq1
a , . . . , a g S P , . . . , P , 0 F a F a .  . 41 n k 1 n nq1 n
D a , . . . , a g Nnq1 : .D 1 nq1
1FmFk
a , . . . , a g S P , . . . , P , a s a q m , .  . 41 n kym 1 n nq1 n /
and hence
M P , . . . , P , PX .k 1 n nq1
s M P , . . . , P . m 1 n
0FmFk
q a a , . . . , a :  .1 nq1
a , . . . , a g S P , . . . , P , 1 F a F a 4 .  .1 n k 1 n nq1 n
s M P , . . . , P q l ? M P , . . . , P . .  . m 1 n kyl 1 ny1
0FmFk 1FlFk
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 . YCase 3 . Assume that P [ P is not a Weierstrass point of Xnq1 nq1
 Y  Z .4  4and P , s P l P , . . . , P s B. We havenq1 nq1 1 n
S P , . . . , P , PY s a , . . . , a g Nnq1 : .  .Dk 1 n nq1 1 nq1
0FmFk
a , . . . , a g S P , . . . , P , a s m .  . 41 n kym 1 n nq1
and hence
M P , . . . , P , PY s M P , . . . , P . .  .i 1 n nq1 m 1 n
0FmFk
 .In each of the 3 cases compare the values of M )) 's appearing in thek
 .definition of w g, ), ), ) . Thus we obtain the following results.
 .  .PROPOSITION 1.5. We ha¨e w g, a q 1, b, c G w g, a, b q 1, c y 1 G
 .w g, a, b, c q 1 for integers a G 0, b G 0, and c G 1.
 .  .PROPOSITION 1.6. We ha¨e aG g, a q 1, b, c G aG g, a, b q 1, c y 1
for integers a G 0, b G 0, and c G 1.
 .  .PROPOSITION 1.7. We ha¨e aG g, a, b q 1, c y 1 G aG g, a, b, c q 1
for integers a G 0, b G 0, and c G 1.
Proof. We have
aG g , a, b q 1, c y 1 y aG g , a, b , c q 1 .  .
g q a q b q 1Xs M P , . . . , P , P y . k 1 n nq1  / /a q b q 10FkFg
g q a q bYy M P , . . . , P , P y . k 1 n nq1  / /a q b0FkFg
g q a q bs m ? M P , . . . , P y .  kym 1 ny1  /a q b q 11FkFg 1FmFk
g q a q bs M P , . . . , P y .  l 1 n  /a q b q 11FkFg 0FlFky1
g q a q bs g y m M P , . . . , P y .  . m 1 n  /a q b q 10FmFgy1
g q n g q a q bs w g , a, b , c q y .  /  /n q 1 a q b q 1
g q n g q a q b
s w g , a, b , c q y .  /  /g y 1 g y 1
G w g , a, b , c G 0. .
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 .since n s a q 2b q c G a q b. Note that we used the formula in Case 3
to obtain the third equality.
2. PROOF OF THEOREM 0.2
In this section we will prove Theorem 0.2 and several more refined
related results. Since in Section 1 we described completely the case of a
hyperelliptic curve, in this section we will always assume that the smooth
genus g complex curve C is not hyperelliptic. We fix n, g, C, and P g C,i
1 F i F n, with P / P if i / j. Let X be a hyperelliptic curve of genus gi j
and Q g X, 1 F i F n, Weierstrass point of X with Q / Q for i / j.i i j
 .  .LEMMA 2.1. Assume Cliff C ) n, where Cliff C denotes the Clifford
index of C. Then for all P g C, and all a g N, 1 F i F n, with  a Pi i 1F iF n i i
1  ..special and n -  a - 2 g y 2 we ha¨e h C, O  a P -1F iF n i C 1F iF n i i
1  ..h X, O  a Q .X 1F iF n i i
Proof. Let b G 0, 1 F i F n, be nonnegative even integers with a y 1i i
F b F a . Then  b G  a y n. Note thati i 1F iF n i 1F iF n i
h0 X , O a Q s h0 X , O b Q X i i X i i /  / /  /
1FiFn 1FiFn
s 1 q b 2. i /
1FiFn
Hence the result follows from the definition of Clifford index and Rie-
mann]Roch.
 .COROLLARY 2.2. Assume Cliff C ) n. Then for all P g C, 1 F i F n,i
with P / P for i / j we ha¨ei j
n q g y 1 2nw P , . . . , P F w Q , . . . , Q y q .  .1 n 1 n  / / nn
k y 1n ms g y k ? 2 .   /  /m /m y 10FkFgy1 1FmFn
g q n n q g y 1 2ny y q . / / / nnn q 1
 . nProof. Note that for all integers t G n we have a a , . . . , a g N :1 n
n q t4  . a F t s and apply Lemma 2.1.1F iF n i t
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 .Hence by Corollary 2.2 if Cliff C is large, the difference between the
 .  .right hand side of 1 and the left hand side of 1 is large. Remember that
w x  .  .  .by 5, Theorem 2.3 , we have Cliff C q 2 F gon C F Cliff C q 3, where
 .gon C is the gonality of C. Here is a more refined lower bound for the
  ..difference call it DIFF $ between the right hand side and the left hand
 .side of the inequality 1 .
PROPOSITION 2.3. Fix integers g, e, n, with e ) n ) 0 and let C be a
 .smooth genus g cur¨ e with Cliff C s e. Fix P , 1 F i F n, with P / P fori i j
n q g y 1 2 n .  . .  ..  <wi / j. Then DIFF $ G e y n y q w g, n, 0, 0; n qn n
. x 1 <.  <w . x 1 <.  .1 r2 g , where the integer w g, n, 0, 0; n q 1 r2 g is computed in 4.4 .2 2
Proof. Apply again Lemma 2.1 to all effective divisors  a P with1F iF n i i
0  .. a G e q 2. Note that h C, O  a P s 1 if  a F1F iF n i C 1F iF n i i 1F iF n i
e q 1 by the definition of Clifford index and compare with the contribu-
tion of the corresponding terms given for Weierstrass points Q , . . . , Q on1 n
a hyperelliptic curve X computed in the proof of Theorem 1.1 and in
w . xRemark 4.3 for the case r s n q 1 r2 , b s 0 for every i.i
Proof of Theorem 0.2. We fix integers a G 0, 1 F i F n, and seti
t [  a . There are n even integers b G 0, 1 F i F n, with a y 11F iF n i i i
F b F a and hence d [  b G t y n. Note thati i 1F iF n i
dim a Q s dim b Q s dr2 G tr2 y nr2. j j j j /  /
1FjFn 1FjFn
< <Let g , 1 F i F n, be the integers such that  g P is base point freei 1F jF n j j
< < < <  .and  a P s  g P q  a y g P . Set r [1 F jF n j j 1 F jF n j j 1 F jF n j j j
 < <.  < <.dim  a P s dim  g P and m [  g . We may as-1F jF n j j 1F jF n j j 1F jF n j
< <sume  a P special and hence  g P special. We divide the1F jF n j j 1F jF n j j
proof into 4 steps.
Step 1. Assume t G 3n and that C is not a double covering of a
curve of genus q for some q with 0 F q F n. By a refined theorem of
w xClifford 2, p. 138 we have m G 3r y 1. Thus t G 3r y 1 and dr2 s
 < <.dim  a Q G r with strict inequality if either t ) 3n or not all1F jF n j j
integers a are odd and with dr2 G r q 2 if t ) 4n. Hence the contribu-i
 .tion to w P , . . . , P given by the sum of all these terms is less than at1 n
n q g .  .least by the amount of the sum of the contributions to w Q , . . . , Q1 nn
given by the corresponding terms; use that g G 5n and that if z G n we
n n q z . 4  .  .have a a , . . . , a g N :  a F z s and a a , . . . , a g1 n 1F iF n i 1 nz
n n q z y 14  .N :  a s z s .1F iF n i z
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Step 2. Assume t - 3n and that C is not a double covering of a
curve of genus q for some q with 0 F q F n. Here we apply again the
w xrefined Clifford's theorem of 2, p. 138 , but now in this way: if t y d
 < <.is large we do not obtain the inequality dim  a P F1F jF n j j
 < <.  .dim  a Q , but only an inequality assuming C not hyperelliptic1F jF n j j
 < <.  < <.dim  a P F dim  a Q y nr2 q 1 if n - t - 3n, and1F jF n j j 1F jF n j j
 < <.  .dim  a P F tr2 y 1 by the usual Clifford's theorem if 3 F t F1F jF n j j
 < <. .n, dim  a P s if t F 2.1F jF n j j
Step 3. Assume that C is not a double covering of a curve of genus q
for some q with 0 F q F n. Since g G 5n by Steps 1 and 2 the difference
 .  .DIFF $ between the right hand side and the left hand side of 1 is at
6n 4 n n .  .  .least y nr2. Since 6r4 G n for n G 2 and the case n s 1 ofn n
Theorem 0.2 is trivial, the proof is over in this case.
Step 4. Now we assume that C is a double covering p : C ª Y of a
smooth curve Y of genus q with 0 F q F n. By Theorem 1.1 we may
assume q ) 0. Let s : C ª C be the involution determined by p . Among
the points P , 1 F i F n, let a G 0 be the number of points fixed by s andi
 .b G 0 the number of conjugate pairs hence a q 2b F n . Up to a permu-
 .  .tation we may assume P s s P if and only if i F a, P s s P if andi i iq1 i
 .only if there is an integer k, 1 F k F b, with i s a q 2k y 1 and s P fi
 4P , . . . , P if and only if i ) a q 2b. By the Castelnuovo]Severi inequal-1 n
w xity 1 we see that Y and p are unique and that every base point free linear
system on C of degree j F g y 2 q is the pull-back by p of a base point
free linear system of degree jr2 on Y and in particular it is s-invariant
 . .and assuming q ) 0, i.e., C not hyperelliptic of dimension F jr2 y 1 .
Since we are not in characteristic 2 the morphism p is ramified over
2 g q 2 y 4q points A , 1 F i F 2 g q 2 y 4q, of Y and there is Z gi
gq1y2 q . m2  .  .Pic Y with Z ' O  A and we have p# O 'Y 1F iF 2 gq2y4 q i C
0  .. 0 .O [ Z*. By the projection formula we have h C, p * L s h Y, L qY
0 .  .  .h Y, L m Z* for every L g Pic Y . Hence if deg L F g y 2 q, i.e.,
  .. 0  .. 0 .deg p * L F 2 g y 4q, we have h C, p * L s h Y, L . Note that the
w xproof of 2, p. 138 , gives that if the refined Clifford's inequality applied in
Steps 1 and 2 is not true, then the corresponding base point free linear
system is the pull-back by p of a linear system on Y. Note that if
< < g P is the pull-back of a base point free linear system of Y we1F jF n j j
have g G 0 for every j, g even for 1 F j F a, g s g for every kj j aq2 ky1 aq2 k
with 1 F k F b, and g s 0 for every i ) a q 2b. For all D s  a Pi 1F iF n i i
with a G 0 for every i, define effective divisors DX [  a X P andi 1F iF n i i
Y Y  X.  Y .  .D [  a P with deg D s deg D s deg D in the following1F iF n i i
way. If either i F a or i G a q 2b q 1, set a X [ aY [ a . Fix and integeri i i
k with 1 F k F b. If either a / a or a is even, set1q2 ky1 aq2 k aq2 k
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a X [ aY [ a and a X [ aY [ a . If aaq2 ky1 aq2 ky1 aq2 ky1 aq2 k aq2 k aq2 k aq2 ky1
and a is odd, set a X [ a q 1, a X [ a y 1 andaq2 k aq2 ky1 aq2 k aq2 k aq2 k
Y Y  < <.a [ a y 1, a [ a q 1. Note that dim D y 2b Faq2 ky1 aq2 k aq2 k aq2 k
 < X <.  < <.  < <.  < Y <.  < <.dim D F dim D q 2b, dim D y 2b F dim D F dim D q 2b
 < <.  < X <.  < <.  < <.and in particular dim D y n F dim D F dim D q n, dim D y n
 < Y <.  < <.  .F dim D F dim D q n. Assume t [ deg D G g y 1 y 2 q and that
< X <  .D is after deleting base points birational. Hence by the refined theorem
 < <.  < X <.of Clifford, as in Step 1 we obtain 3 dim D F 3n q 3 dim D F 3n q 1
 < <.  .  < <.q t. Hence 3 dim  a Q G 3 t y n r2 ) 3 dim D because t G g1F jF n j j
y 1 y 2 q, q F n, and g G 11n q 3. In the same way we conclude if after
. < Y <deleting base points D does not factor through p . Hence we may
< < < X < < Y <assume that the base point free parts of D , D , and D factor through
w x Xw x X Yw xp . Set D X [  a Q , D X [  a Q , and D X [1F jF n j j 1F jF n j j
Y 0 . a Q . By the projection formula and the inequality h Y, L m Z*1F jF n j j
  .4  < <  < X <.  < Y <.F max 1, deg L m Z* we obtain dim D q dim D q dim D F
 < w x <.  <w Xw x <.  < Yw x <.dim D X q dim D X q dim D X and hence by Reimann]Roch
we obtain that the sum of the contributions of D, DX, and DY to
 . w x Xw xw P , . . . , P is at most the sum of the contributions of D X , D X , and1 n
Yw x  .D X to w g, n, 0, 0 . Now we want to bound the sum of the contributions
 .to w P , . . . , P given by all terms of degree t with t F g y 2 q. We want1 n
to show that this sum is strictly less than the contribution to the corre-
 .sponding term in the computation of w g, a, b, 0 . After deleting the base
points we are working with pull-backs of linear systems on Y and we just
0 .   .4  .use that h Y, R F max 1, deg R for every R g Pic Y to obtain the
0 .strict inequality term by term. If q G 2 we could even use that h Y, R s
 . 0 .   ..deg R q 1 y q if R is not special and h Y, R F 1 q deg R r2 if R is
special to obtain stronger bounds. Indeed the proof shows that for terms
whose base point free part has degree G 4q y 2, each term is exactly the
 .  .corresponding term for w g, a, b, 0 minus q Riemann]Roch , because
the corresponding line bundle on Y is nonspecial.
3. CURVES WITH A DEGREE k PENCIL
In this section we will consider the curves with a g1.k
THEOREM 3.1. Fix integers g G 2k G 4, n G 0, a smooth genus g cur¨ e C
and P g C, 1 F i F n, with P / P for i / j. Assume the existence ofi i j
integers b G 0, 1 F i F n, such that  b P is a base point freei 1F iF n i i
1 g y mk q m q n y 1 .  .complete g on C. Then w P , . . . , P G  .k 1 n mG1 n
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n q x n .  . 4Proof. Note that s a a , . . . , a g N :  a F x . We1 n 1F iF n ix
may assume that b G 1. Note that if m is an integer G 1 and a aren i
integers with a G mb for every i, 1 F i - n, theni i
h1 C , O a P q mb PC i i n n / /
1Fi-n
s h1 C , O a P q mb y 1 P . .C i i n n / /
1Fi-n
Thus
h1 C , O a P C i i / /
a G0 1FiFnn
y h1 C , O a P ? h1 C , O a P q 1 2 C i i C i i /  / /  / /
1Fi-n 1Fi-n
G h1 C , O a P q tb P , C i i n n / /
1FtFm 1Fi-n
where m is the largest integer G 1 such that a G mb for every index ii i
with 1 F i F n y 1. We have
g q n1h C , O a P y C i i /  / / n q 1a , . . . , a 1FiFn1 n
g q n1s h C , O a P y  C i i /  / / n q 1a , . . . , a a 1FiFn1 ny1 n
and we write
h1 C , O a P C i i / /
a G0 1FiFnn
s h1 C , O a P C i i / /
a G0 1FiFnn
y h1 C , O a P h1 C , O a P q 1 2 C i i C i i /  / /  / /
1Fi-n 1Fi-n
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q h1 C , O a P h1 C , O a P q 1 2. C i i C i i /  / /  / /
1Fi-n 1Fi-n
To estimate the second part, just use that
h1 C , O a P h1 C , O a P q 1 2  C i i C i i /  / /  / /
1Fi-n 1Fi-n
g q nG g y a g y a q 1 2 s  i i /  /  /n q 11FiFny1 1FiFny1
in which the two summations  are for all integers a , 1 F i F n y 1,i
.with a G 0 .i
Now we will consider the case of a general k-gonal curve. We need the
w xfollowing result 3, Theorem 0.1 .
w xTHEOREM 3.2 3, Theorem 0.1 . Fix integers k, g with k G 5 and g ) 4k.
Then there exist a genus g complex projecti¨ e cur¨ e X and k points P , . . . , P1 k
0 of X such that for all integers b G ??? G b G 0 we ha¨e h X, O b P1 i X 1 1
..  4q ??? qb P s max b q 1, b q ??? qb q 1 y g .k k k 1 k
By Riemann]Roch the value given in Theorem 3.2 is the lowest one
0  ..compatible with k, g, and the inequality h X, O P q ??? qP G 2.X 1 k
 .Hence this theorem means that P , . . . , P is a k-ple Weierstrass set with1 k
the lowest weight possible compatible with the integers k and g. This
result allows us to give several nice examples.
EXAMPLE 3.3. Fix integers k, g, n with k G 5, g ) 4k, and n - k. Let
< 1 <C be a general k-gonal curve and fix a general divisor D g g and nk
different points P g C, 1 F i F n, such that P g D for every i. Byi i
Theorem 3.2 for all a G 0 with  a P special we havei 1F iF n i i
 < <.  .dim  a P s 0. Hence w P , . . . , P s 0.1F iF n i i 1 n
EXAMPLE 3.4. Fix integers k, g with k G 5, g ) 4, and n s k. Let C
< 1 <be a general k-gonal curve and fix a general divisor D [  P g g1F iF n i k
with P / P if i / j. By Theorem 3.2 the effective divisor  a P isi j 1F iF n i i
special and base point free if and only if a s a for all i, j andi j
 . 0  ..1 F a F gr k y 1 . We have h C, O aD s a q 1 for every a with1 C
 .1 F a F g k y 1 .
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4. GENERALIZATIONS
In this section we consider the following more general problem.
 .DEFINITION 4.1. Let C be a smooth curve with genus G, L g Pic C ,
and fix P g C, 1 F i F n, with P / P if i / j. Seti i j
w P , . . . , P ; L [ h0 C , L y a P .  1 n i i / /
iFiFn
ymax 0, h0 C , L y a , .  i 5 /
1FiFn
 .where the summation  is over all integers a G 0. Call w P , . . . , P ; Li 1 n
 4the L-weight of P , . . . , P .1 n
 .  .Note that the K -weight w P , . . . , P ; K is the weight w P , . . . , PC 1 n C 1 n
defined in Definition 0.1.
Remark 4.2. We claim that in characteristic 0 for every g, n, C, L, and
 . every fixed P , . . . , P , for a general P g C we have w P , . . . , P ,1 ny1 1 ny1
.  .  w x.P; L s w P , . . . , P ; L . To prove the claim just use see, e.g., 10 that1 ny1
in characteristic 0 a general point of an integral nondegenerate curve
Y ; P r is not an osculating point. This is not true in positive characteristic
even for n s 1 and L s K . The first counterexamples were found by H.C
 w x .Hasse see 9, 10, 11 and references quoted there .
Remark 4.3. Note that all the proofs and quotations used in this paper
 .both for the main theorems and the examples are true in characteristic
  .4p ) 0 if p G 2 g y 1 for the K -weight and if p ) max 2 g y 2, deg LC
for the L-weight.
Now we study this invariant in the case of a hyperelliptic curve X of
genus g.
 .4.4 Let X be a hyperelliptic curve of genus g G 2 and let s : X ª X
be the hyperelliptic involution. Fix integers n, a, b, c with a G 0, b G 0,
c G 0, and n s a q 2b q c ) 0. Fix points P , 1 F i F n, on X withi
  . .P / P if i / j, P a Weierstrass point i.e., s P s P if and only ifi j i i i
 .  .  4i F a, s P s P for 1 F k F b, and s P f P , . . . , P if a qiq2 ky1 iq2 k i 1 n
< <2b - i F a q 2b q c s n. We fix a complete special linear system D s
g r on X with 1 F r F g y 1 and 0 F d F g y r. We will write2 rqd
 < <.  < <.w g, a, b, c; D instead of w P , . . . , P ; D because we will see in the1 n
< <computations below that this integer depends only on g, D , a, b, and c. If
< < < 1 <D s rg q  b P q A with A an effective divisor whose support is2 1F jF n j j
 4disjoint from P , . . . , P and b G 0, then it is easy to check that1 n j
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 < <.  < 1 <.w P , . . . , P ; D s w P , . . . , P ; rg q  b P . Hence we will as-1 n 1 n 2 1F jF n j j
1 < <sume D s rg q  b P . Since D is complete, we have 0 F b F 12 1F jF n j j j
for 1 F j F a and either b s 0 or b s 0 for each k s 1, 2, . . . , b.aq2 ky1 aq2 k
Up to a permutation we may assume b s 0 for every k and thataq2 ky1
X  X . Xb s 0 for a q 1 F j F a 0 F a F a , b s 1 for 1 F j F a . If 0 F k F rj j
 . n < <4set M [ a a , . . . , a g N :  a P imposes k conditions on D .k 1 n 1F iF n i i
 < <.  .By definition we have w g, a, b, c; D s  r q 1 y k M . Hence it0 F k F r k
X w xis sufficient to compute every M . If 1 F j F a , a P imposes a r2k j j j
< < X w . xconditions on D . If a q 1 F j F a a P imposes a q 1 r2 condi-j j j
< <tions on D . If 1 F k F b, a P q a P imposesaq2 ky1 aq2 ky1 aq2 k aq2 k
 4 < <max a , a y b conditions on D . If a q 2b q 1 F j F n,aq2 ky1 aq2 k aq2 k
 4 < <a P imposes max 0, a y b conditions on D . Hencej j j j
nM [ a a , . . . , a g N : a r2 q a q 1 r2 .  . k 1 n j j
X X1FjFa a q1FjFa
 4q max a , a y b aq2 hy1 aq2 h aq2 h
1FhFb
q max 0, a y b s k 4 j j 5
aq2 bq1FjFn
Xa
Xs a a , . . . , a g N : a r2 s k . 1 a j 1 5 /Xk qk qk qk sk 1FjFa1 2 3 4
k )0i
Xaya
X? a a , . . . , a g N : a q 1 r2 s k .  .a q1 a j 3 5 /Xa q1FjFa
? a a , . . . , a g N2 b : .aq1 aq2 b
 4max a , a y b s k aq2 hy1 aq2 h aq2 h 35 /
1FhFb
? a a , . . . , a g Nnyay2 b : .aq2 bq1 n
max 0, a y b s k 4 j j 4 5 /
aq2 bq1FjFn
aX q k y 1 X1 as ? 2  / /k1k qk qk qk sk1 2 3 4
k G0i
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X k y 12a y a m? ? 2  /m  / /X m y 11FmFaya
? 2 z q b q 1 .  h aq2 h /1FhFbz q ??? qz sk1 b 3
z G0j
? b q y q 1 . .  aq2 bqj i /1FjFcy q ??? qy sk1 c 4
y G0j
 .Another example general k-gonal curves with k G 3 may be computed
w xusing 4, Proposition 1.1 .
 .EXAMPLE 4.5. Fix integers g, n, k, x, y, j with g G 2 q x k y 1 , k G 3,j
x G 2, 0 - y F x. Let C be a general k-gonal curve and f : C ª P1 the
degree k morphism induced by the unique g1 on C. Fix P g C, 1 F i F n,k i
 4with P / P for i / j, P , . . . , P disjoint from the ramification locus of fi j 1 n
  .  .4  .and a f P , . . . , f P s n. Fix a subset B of C with a B s j and1 n
 4 < < < 1 < w xB l P , . . . , P s B. Set D [ yg q B . By 4, Proposition 1.1 , for all1 n k
0  .. integers a G 0, we have h C, O D y  a P s max 0, y q 1 yi C 1F iF n i i
4 a .1F iF n i
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